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I. INTRODUCTION
Acoustic liners are commonly used in noise control devices for duct systems. Typical applications include silencers for ventilation systems, wall treatments for aircraft engines, and silencers for industrial gas turbines. To increase the liner efficiency, various strategies can be used. One is to find a new material design for which the impedance is close to the optimal value in the targeted range of frequencies 1, 2 . Another strategy is to take advantage of the acoustic impedance changes (like discontinuities) in axial 3,4,5 or circumferential 6,7 segments, or both of them 8, 9 . The strategy used in this paper is different: The idea is to couple the incoming propagative mode in the waveguide with the modes localized in the lined region. Those localized modes exist for particular values of the geometry in a uniform liner but can also be created by impedance variations. As an example, a very simple 2D model with an uniform liner is analyzed in this paper. In this paper, we study sound propagation in a waveguide lined on a section with a locally reacting material by the resonance scattering approach 21 .
The objective is to understand the effects of mode coupling on the transmission of the lined section. We show that by varying a control parameter (the section length or the product of the lined admittance and the frequency), two neighbored modes with complex resonance frequencies interfere in the scattering region: the lined section opened to the two semi-infinite waveguides.
In the vicinity of an exceptional point, where the eigenvalues and eigenfunctions coalesce, one mode turns to be trapped, the corresponding resonance frequency (eigenvalue) is real. A transmission zero is present in the vicinity of a resonance peak when the real resonance frequency is crossed, this is also 
II. MODEL
We consider the acoustic scattering problem in a two-dimensional infinite waveguide lined over a finite length a with a locally reacting material, as shown in Fig. 1 . The waveguide is decomposed into three parts: two semiinfinite rigid waveguides x ď 0 and x ě a (regions I and III, respectively), and one scattering region (region II). Time dependence is assumed as expp´jωtq and will be omitted in the following. In the following, all the quantities are non-dimensionalized. The sound pressure ppx, yq in the waveguide satisfies the non-dimensional Helmholtz equation
where K " pω{c 0 qh refers to dimensionless frequency, ω is the frequency, c 0 is the sound velocity, and h is the height of the waveguide. Sound pressure p 
II are
Bp Byˇˇˇy"0 and 1 " 0 (for regions I and III)
and Bp Byˇˇˇy"0 "´jKY p and
respectively.
Inspired by the R-matrix method 22, 23 , the sound pressure ppx, yq in region II is expanded in terms of an orthogonal and complete set of functions
where the sums have been truncated by N x and N y , " T " refers to transpose. ψ is a column vector, its elements are arranged as pµ, νq " p0, 0q, p0, 1q, ..., p0, N y7
Fano resonance scattering 1q, p1, 0q, p1, 1q, ..., p1, N y´1 q, ..., pN x´1 , 0q, pN x´1 , 1q, ..., pN x´1 , N y´1 q.
We choose ψ µ,ν to be the eigenfunctions of closed rigid cavity defined by
Bψµν Bxˇx "0 and a{h " 0, Bψµν Byˇy "0 and 1
" 0.
By solving the eigenproblem of Eqs. (5) and (6), the eigenfunctions ψ µν and eigenvalues γ µν are given as ψ µν " p1{ a Λ x Λ y q cospµπx{pa{hqq cospνπyq and γ µν " a pµπq 2 {pa{hq 2`p νπq 2 , respectively, where Λ x and Λ y are normalization coefficients.
Multiplying Eq. (1) by ψ, integrating over x and y, applying Green's theorem, and using Eq. (5) and the boundary conditions Eq. (6), we obtain ppx, yq "
(see Appendix), where
In Eq. (8), I refers to identity matrix, H in " Γ´jKY C in , where Γ is a diagonal matrix with elements γ 2 µν , and C in is a block diagonal matrix, its elements can be calculated analytically by
With the help of Eq. (25), it can be noted that the eigenfunctions of the matrix H in are the modes of the closed cavity with the admittance on the bottom wall. 8 Fano resonance scattering Equation (7) links the sound pressures in the scattering region (II) with their first derivatives with respect to x at the interfaces between the scattering region and the other two regions (I and III).
The sound pressure is written as a sum of the incident (amplitudes c m )
and reflected modes for region I, and only transmitted modes for region III
where R m,m 1 and T m,m 1 refer to the reflection and transmission coefficients, and M is the truncation number. K 
where E0 , E0 , and Eà are (MˆM ) diagonal matrices with the elements Substituting Eq. (11) into Eq. (7) at x " 0 and x " a{h, we obtain
where K x is a (MˆM ) diagonal matrix with elements K x m , and I M is a (MˆM ) identity matrix. The elements of matrices C 0 and C a are C 0paq,µν,m "
where C 0 and C a have dimensions NˆM with N " N x¨Ny . From Eqs. (12) and (13), we obtain
where
is a (2Mˆ2M ) block diagonal matrix with two (MˆM ) diagonal matrices K x on its main diagonal, and 0 M is a (MˆM ) zero matrix.
If we assume that the problem is symmetric, the scattering matrix can be written as
The scattering matrix S can be expressed as
The eigenvalues K λ and eigenfunctionsφ λ " ψ T V λ are defined by the eigenproblem of matrix H eff ,
They describe the complex resonances of scattering region II, which is opened to infinities through regions I and III, and truncated at the interfaces, x " 0 and x " a{h. The elements of vector ψ are the eigenfunctions of the rigid closed cavity defined by Eqs. (5) and (6) . Because the eigenfunctionsφ λ in scattering region II are non-separable in x and y, we use only one index λ to describe the eigenvalues K λ and the eigenfunctionsφ λ . It is noted that the complex resonances are calculated in Refs. 20 and 13 by finite element method with absorbing boundary conditions.
With the help of eigenvectors V λ , Eq. (17) can be written as
where K λ is a (NˆN ) diagonal matrix with K 2 λ its main elements. V is a (NˆN ) matrix with its columns the eigenvectors V λ of matrix H eff . H eff is a symmetric non-Hermitian matrix, its eigenvectors are bi-orthogonal. Hence, V´1 " V T has been used in Eq. (20) . MatrixC 0a is defined as
the eigenfunctionsφ λ of scattering region II at x 1 " 0 and x 1 " a{h, respectively. MatrixC 0a describes the couplings of the scattering region II with regions I and III. Equation (20) is not valid at exceptional points at which the eigenvalues and eigenfunctions coalesce, and therefore V´1 is singular. 
III. RESULTS AND DISCUSSIONS
First, we show how the trapped modes with real resonance frequencies occur in the vicinity of exceptional points and how they are linked to avoided crossings of the eigenvalues of matrix H eff . Second, we show that a transmission zero is present in the vicinity of a resonance peak when the real resonance frequency is crossed. Finally, we consider the effects of dissipation in acoustic absorbing material. The liner can be described by an impedance model (Y " 1{Z):
where d l {h is the normalized depth of the liner, and Re is the resistance. Z is assumed to be uniform. All the numerical results are calculated with the truncation number M " 30, N x " 30, and N y " 30. Although Eqs. (17) and (20) are valid for arbitrary multimodal incidences, for the sake of simplicity, we assume that only plane waves are incident in the following.
The eigenvalues of matrix H in , denoted β We consider the modes behaviour when the region II is opened. It can be modelled by matrix H eff which depends on three parameters: a{h, KY , and K. This is due to the K dependences of both the impedance boundary condition KY and the effective radiation condition at the interfaces x " 0 and x " a{h (the term K x 2M in Eq. (18)). In Fig. 3 , we plot the eigenvalue trajectories as a function of |KY | with a{h " 4 and K " 2.5. The curves with the same symmetry about x, which had crossings before in Fig. 2 , now have avoided crossings in Fig. 3 . The avoided crossings of the eigenvalues 13 Fano resonance scattering K λ in Fig. 3 occur in the vicinity of the degeneracies of the closed cavity, for example those labelled by A, 1, 2, 3, and 4, respectively. Avoided crossings, already known in structural dynamics 26, 27, 28 , are less used in cavities lined with impedance. As we mentioned before, the matrix H eff depends on three parameters.
Another parameter, the liner length a{h, is used here to manipulate the avoided crossing. Taking the same two modes with avoided crossing "A" in Fig. 3 as an example, we decrease the liner length a{h, the results are shown in Fig. 4 . When a{h varies, there is a jump between two types of avoided crossings. When a{h " 3.8, there is a crossing for e(K λ ) and not for m(K λ ) (see Fig. 4 (a) and (b) ), while for a{h " 3.6, there is no crossing for e(K λ ) and crossing for m(K λ ) (see Fig. 4 (d) and (e) ).
These findings and the type change of the avoided crossings from Fig.   4 (c) to (f) suggest that there should exist a critical value a cri {h, with which the curves of K λ as a function of |KY | will cross at a critical value |KY | cri .
We found that at |KY | " 4.18, a{h " 3.7, and K " 2. It is remarkable that at |KY | " 4.5 in Fig. 4 (b) and |KY | " 4.8 in the trapped mode that plays a crucial role in a transmission zero in the lined waveguide.
To realize a practical design of transmission zero, we need to understand the modes behaviour in the parameters space (a{h, d l {h, K). We re-produce Fig. 4 in Fig. 6 using d l {h as a varying parameter. It is quite surprising that the eigenvalue trajectories in the two different parameter spaces of Figs. 4 and 6 are very similar to each other. We find that at a{h " 3.8
and d l {h " 0.425, real resonance (trapped mode) occurs, with K " 2.5.
As pointed out earlier, H eff depends on frequency K, so do K λ . To find the frequency at which transmission zero occurs, we need to solve equation K " K λ pKq. Therefore, near the EP labelled by "C 1 " in Fig. 5 , the real resonance frequency we seek for corresponds to the point where the curves y " K λ pK, d l {h, a{h " 3.8q cross the line y " K. We find that at K " 2.853, 
IV. CONCLUSIONS
We have shown that the acoustic scattering matrix can be efficiently In this paper, the numerical calculations are made for one incident mode and thus "zero transmission" means that the total sound field is stopped. However, the model is valid for multimode being incident. To stop the total 21 Fano resonance scattering sound field for multimode propagation is still an open question.
Derivation of Eq. (7)
Multiplying Eq. (1) by ψ, integrating over the closed cavity, we obtain
By 2˙d xdy "´K 
where I is an identity matrix, and Γ is a diagonal matrix with elements γ 
Replacing the pressure function p inside the scattering region by Eq. (4), and using the orthogonality property of eigenfunctions ψ µν , the expansion 22 Fano resonance scattering coefficients a can be written as
Substitute the upper expression of a into Eq. (4), we end up with Eq. (7).
Derivation of Eq. (17)
Due to the symmetry property of the matrix S, Eq. (16) can be rewritten
Now we expand the denominator in Eq. (27) into a geometric series 24 , 
